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Abstract 
It is repeatedly marked, that Maxwell's equations can be expressed in matrix 
form conterminous to the form of the Dirac electron equations. But in the 
literature there are no consecutive and final results of this subject. In 
the present paper it is shown that the Maxwell theory can be finely 
represented in the matrix form of Dirac's equation, if the Dirac wave 
function is identified with the electromagnetic wave by defined way. It 
seems to us, that such representation allows us to see new possibilities in 
the connection of the classical and quantum electrodynamics. 
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1. Introduction 
 
It is noted, that the first who has paid attention to an opportunity of 
the matrix representation of the electrodynamics in the form of Dirac's 
equations was W.J.Archibald [1]. Briefly it was mentioned in the book [2]. 
Separate aspects of this theme were considered in several articles [3]. But 
full and consecutive matrix representation is absent till now. We managed to 
construct such representation in some specific case of electromagnetic 
waves.  
 
2. Electrodynamics form of Dirac’s equation 
 
As it is known [4], there are two Dirac’s equation forms 
    ( )[ ] 0ˆˆˆˆˆ 2 =++ ψβαεα mcpco !! ,             (2.1) 
    
( )[ ] 0ˆˆˆˆˆ 2 =−−+ mcpco βαεαψ !! ,                (2.2) 
which correspond to two signs of the relativistic energy expression:  
       
4222 cmpc +±= !ε ,              (2.3) 
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i ˆ,ˆ ∂
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ε  are the operators of energy and momentum, p!,ε  are 
the electron energy and momentum, c  is the light velocity, m  is the electron 
mass, ψ  is the wave function ( +ψ is the Hermithian-conjugate wave function) 
named bispinor and 1ˆˆ =oα , βαα ˆˆ,ˆ 4 ≡!  are the Dirac matrices: 
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Also as it is known, for each sign of equation (2.3) there are two Hermithian-
conjugate Dirac’s equations. Here we consider the electrodynamics meaning of 
all these equations. 
Let us consider at first two Hermithian-conjugate equations, corresponding 
to the minus sign in (2.3): 
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( )[ ] 0ˆˆˆˆˆ 2 =++ ψβαεα mcpco !! ,            (2.5') 
          ( )[ ] 0ˆˆˆˆˆ 2 =+++ mcpco βαεαψ !! ,           (2.5'') 
We will consider the wave function ψ  as electromagnetic wave function. Put, 
e.g., ( )ψ ψ= y  and choose 
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Then       ( )ψ + = − −E E iH iHx z x z ,             (2.7) 
Using (2.6) and (2.7) from (2.5') and (2.5'') we obtain: 
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where 
"
2mc
=ω . The equations (2.8, 2.9) are the Maxwell equations with 
complex currents [5]. (It is interesting that together with the electrical 
current the magnetic current also exists here. This current is equal to zero 
by Maxwell's theory, but its existence by Dirac doesn't contradict to the 
quantum theory).  
       As we see the equations (2.8) and (2.9) are differed by the current 
directions. We could foresee this result before the calculations, since the 
functions +ψ  and ψ  are differed by the argument signs: 
    
tie ωψψ −+ = 0  and  tie ωψψ 0= . 
       Let us compare now the equations corresponding to the both plus and 
minus signs of (2.3). For the plus sign of (2.2) we have following two 
equations: 
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( )[ ] 0ˆˆˆˆˆ 2 =−− ψβαεα mcpco !! ,            (2.10) 
  
( )[ ] 0ˆˆˆˆˆ 2 =−−+ mcpco βαεαψ !! ,            (2.11) 
The electromagnetic form of the equation (2.10) is: 
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Obviously, the electromagnetic form of equation (2.11) will have the 
opposite signs of the currents compared to (2.12). 
      Comparing (2.12) and (2.8) we see that the equation (2.12) can be 
considered as Maxwell’s equation of the retarded wave. So as not to use the 
retarded wave, together with the wave function of the advanced wave advψ  we 
can consider the wave function of retarded wave in the form: 
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Then, contrary to the system (2.12) we get the system (2.9). The 
transformation of the function retψ  to the function advψ  is named in the 
quantum mechanics the charge conjugation operation. 
 
2.1. Electrodynamics' sense of bilinear forms  
       
 Enumerate the main Dirac’s matrices [4]: 
1) βα ˆˆ 4 ≡   is the scalar,  2) { } { }32100 ˆ,ˆ,ˆ,ˆˆ,ˆˆ αααααααµ ≡= !   is the  4-vector, 
3)   43215 ˆˆˆˆˆ ααααα ⋅⋅⋅=  is the pseudoscalar. 
     Using (2.6-2.7) and taking in account that ( )ψ ψ= y  it is easy to obtain 
the electrodynamics' expression of bispinors, corresponding to these matrices:  
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1) ( ) ( ) 12222224 8ˆ IHEHHEE zxzx πψαψ =−=+−+=+ !! ,  where I1  is the first scalar 
of Maxwell's theory; 
2) ψ α ψ π+ = + =# o E H U
! !
2 2 8
 and  yy gc
!
πψαψ 8ˆ =+ . Thus, the electrodynamics form 
of the 4-vector bispinor value is the energy-momentum 4-vector 
1
c
U g, !
. 
3) ( ) ( )HEHEHE zzxx !! ⋅=+=+ 22ˆ5 ψαψ  is the pseudoscalar and  ( ) 22 IHE =⋅ !!  is the 
second scalar of the electromagnetic field theory.  
   From Dirac's equation the probability continuity equation can be obtained: 
          
( ) ( ) ,0,, =+ trSdiv
t
trP
pr
pr !!
!
∂
∂
        (2.14) 
Here ( ) ψαψ 0ˆ, +=trPpr !  is the probability density, and ( ) ψαψ ˆ, !!! +−= ctrS pr  is the 
probability-flux density. Using the above results we can obtain: ( ) UtrPpr π8, =!  
and SgcS pr
!!!
π82 == . Then the equation (2.14) has the view: 
           0=+ Sdiv
t
U !
∂
∂
,         (2.15) 
which is the energy conservation law of the electron electromagnetic field. 
 
3. Electrodynamics sense of the matrix choice 
     
    As we saw above, the matrix sequence )ˆ,ˆ,ˆ(
321
ααα  agrees to the 
electromagnetic wave having y− -direction. But herewith only the 
2
αˆ -matrix 
is "working", and other two matrices don't give the terms in the equation. 
The verification of this fact is the Poynting vector calculation: the 
bilinear forms of 
31
ˆ,ˆ αα -matrices are equal to zero, and only the matrix 
2
αˆ  
gives the right non-zero component of Poynting's vector. 
     The question arises how to describe the waves having x  and z  - 
directions. It is not difficult to see that the matrices’ sequence is not 
determined by the some special requirements. In fact, this matrices’ 
sequence can be changed without breaking some quantum electrodynamics 
results [4, 6].  
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     So we can write three groups of matrices, each of which corresponds to 
the one and only one direction, introducing the axes' indexes, which 
indicate the electromagnetic wave direction: 
),ˆ,ˆ( 321 zyx ααα , ),ˆ,ˆ,ˆ( 132 zyx ααα , )ˆ,ˆ,ˆ( 312 xyz ααα . 
     Let us choose now the wave function forms, which give the correct 
Maxwell equations. We will take as initial the form for the y−  - direction, 
which we already used, and from them, by means of the indexes’ transposition 
around the circle we will get other forms for x  and y  - directions. 
     Since in this case the Poynting vector has the minus sign, we can 
suppose that the transposition takes place counterclockwise. Thus, let us 
check the Poynting vector values: 
1)   )(yψψ = ,  ),ˆ,ˆ( 321 zyx ααα ,  
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     [ ]yzxxz HEHEHEy !! ×−=−−=+ 2)(ˆ2 ψαψ ,   0ˆ3 =+ ψαψ z . 
2)   )(xψψ = ,  ),ˆ,ˆ,ˆ( 132 zyx ααα ,   
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[ ]xyzzy HEHEHEx !! ×−=−−=+ 2)(2ˆ2 ψαψ ,   0ˆ3 =+ ψαψ y ,    0ˆ1 =+ ψαψ z . 
3)   )(zψψ = ,   )ˆ,ˆ,ˆ( 312 xyz ααα ,   
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     As we see, we took the correct result: by the counterclockwise indexes’ 
transposition the wave functions describe the electromagnetic wave, which 
are moved in negative directions of the corresponding co-ordinate axes. 
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     We may hope that by the clockwise indexes’ transposition, the wave 
functions will describe the electromagnetic wave, which are moved in 
positive directions of co-ordinate axes. Prove this: 
1)   )(yψψ = ,  ),ˆ,ˆ( 321 zyx ααα ,   
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As we see, we also get the correct results. 
      Now we will prove that the above choice of the matrices give the 
correct electromagnetic equation forms. Using for example the bispinor 
Dirac’s equation (2.10) and transposing the indexes clockwise we obtain for 
the positive direction of the electromagnetic wave the following results for 
x , y , z -directions correspondingly: 
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     So we have obtained three equation groups, each of which contains four 
equations, as it is necessary for the description of all electromagnetic 
wave directions. In the same way for all the other Dirac’s equation forms 
the analogue results can be obtained.  
     Obviously, it is possible via canonical transformations to choose the 
Dirac matrices so that the electromagnetic wave could have any direction.  
 
3.1.Electromagnetic form of canonical transformations of Dirac's 
    matrixes and bispinors 
As it is known [2,7], the transition from some independent variables 
to others, made by means of the unitary operator, is called canonical 
transformation.  
Let us consider the electromagnetic form of the canonical 
transformations of matrixes and the wave functions of Dirac's equation. The 
choice of matrixes α , made by us (2.4), is not unique. In our case there is 
a free transformation of a kind:  
    
''SaS=α ,       (3.8) 
where S  is a unitary matrix, which consists of four lines and four columns. 
The following substitution in regard to functions 'ψ  corresponds to this 
transformation: 
'ψψ S= ,       (3.9) 
If we choose matrixes 'α  as: 
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then the functions ψ  will be connected to functions 'ψ  according to the 
relationship: 
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2
'',
2
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'' 32413241 ψψψψψψψψψψψψ −=+=+=−= ,     (3,11) 
The unitary matrix S , appropriate to this transformation, is equal to: 
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It is not difficult to check, that from this transformation we also will 
receive the electromagnetic forms of Maxwell's theory. Actually, for 
example, for the chosen form of function (2.4), using the above-stated 
transformations, it is easy to receive:  
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It is easy to be convinced, substituting these functions in Dirac's 
equation, that we will receive Maxwell's equations (in double quantity). 
 It is possible to assume, that the functions 'ψ  correspond to the 
electromagnetic wave, moving under the angle of 45 degrees to both 
coordinate axes.  
 
3.2. Matrix form of electromagnetic wave equation 
     
    Using (2.6, 2.7), we can write the equation of the electromagnetic wave 
moved along the any axis in form: 
      ( )# # ,ε ψ2 2 2 0− =c p!             (3.15) 
The equation (3.15) can also be written in the following form: 
          ( ) ( )# # # #α ε α ψo c p2 2 2 0−  =! ! ,        (3.16) 
In fact, taking into account that 
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         ( ) ( )# # # , # # #α ε ε αo p p2 2 2 2= =! ! ! ,  
we see that equations (3.15) and (3.16) are equivalent.  
      Factorizing (3.16) and multiplying it from left on Hermithian-conjugate 
function ψ + we get: 
      ( ) ( )ψ α ε α α ε α ψ+ − + =# # # # # # # #o oc p c p! ! ! ! 0,           (3.17) 
The equation (3.17) may be disintegrated on two equations: 
        
( ) 0ˆˆˆˆ =−+ pco !!αεαψ ,             (3.18) 
        ( )# # # #α ε α ψo c p+ =! ! 0,             (3.19) 
It is not difficult to show (using (2.6, 2.7) that the equations (3.18) and 
(3.19) are Maxwell's equations without current, or in other words, they are 
the Maxwell equation for the electromagnetic wave. 
 
3.3. The electromagnetic form of electron theory Lagrangian 
       
    As it is known [5], the Lagrangian of the free field Maxwell's theory is: 
        ( )22
8
1 HELM
!!
−=
π
,             (3.20) 
and as Lagrangian of Dirac's theory can be taken the expression [4]: 
        
( ) ,ˆˆˆˆ 2 ψβαεψ mcpcLD ++= + !!         (3.21) 
For the electromagnetic wave moving along the  y− -axis the equation (3.21) 
can be written: 
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Transferring the each term of (3.22) in electrodynamics' form we obtain for 
the electromagnetic wave equation Lagrangian: 
        ( ),
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where 
"
22mc
s =ω (note that we must differ the complex conjugate field vectors 
!
E * ,
!
H * and 
!
E ,
!
H ). 
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The equation (3.23) can be written in other form. Using electrical and 
"magnetic" currents Eij se
!
π
ω
τ 4
=
 and Hij sm
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π
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τ 4
=
 we take: 
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Since 0=sL  thanks to (2.1), we take the equation: 
      
( ) 0
2
1
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t
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ττ∂
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which is the energy-momentum conservation law for the Maxwell equation with 
current. 
 
4.  Non-linear electromagnetic equation of electron 
      
     The stability of electron is possible only by the electrons parts 
self-action.  We introduce the self-field interaction to the electron 
equation like the external field is introduced to the quantum [4] and 
classical [5] field equations (putting the electron mass equal to zero). Then 
we obtain non-linear integral-differential equation: 
          
[ ) (( ) ] 0ˆˆˆˆ
0
=−+− ψαεεα ss ppc
!!!
,             (4.1)  
In the electromagnetic form we have: 
         
( )∫∫ ∞∞ +==
0
22
0 8
1
τ
π
τε dHEdUs
!!
,                 (4.2) 
 
[ ]∫∫∫ ∞∞∞ ×===
00
2
0 4
11
τ
π
ττ dHEdS
c
dgps
!!!!!
,            (4.3) 
where ∆τ  is the electron field volume, which approximate is equal to 
3
srζτ ≅∆ , where ζ  is a number, and sr  is a dimension of the volume τ∆ , 
which contains basic part of the electron energy. Using the quantum form of U  
and S
!
:  
     ψαψ
π
0ˆ8
1 +
=U ,              (4.4) 
       gccS !!
!
2ˆ
8
=−=
+ ψαψ
π
,         (4.5) 
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we can analyse the quantum form of (4.1). Since the Dirac's free electron 
equation solution is the plane wave, we have: 
( )ψ ψ ω= −0 ei t ky ,          (4.6) 
Taking in to account (4.3) we can write (4.4) and (4.5) in next approximately 
form  
    
ψαψ
π
τ
τε 0ˆ8
+∆
=∆=Us ,          (4.7) 
     
ψαψ
π
τ
ττ ˆ
8
1
2
!!!! +∆
=∆=∆=
c
S
c
gps ,         (4.8) 
Substitute (4.7) and (4.8) into (4.1) and taking in to account (4.4, 4.5), we 
obtain the following approximate equation: 
   ( ) 0ˆˆˆ
2
ˆ
0
3
=−⋅+∇− ++ ψψαψαψαψ
α
ζψα∂
ψ∂ !!!!
src
ic
t
,       (4.9) 
It is not difficult to see that Eq. (4.9) is a non-linear equation of the same 
type, which was investigated by Heisenberg e.al. [8] and which played for a 
while the role of the unitary field theory equation. Moreover, Eq. (4.9) is 
obtained logically rigorously, contrary to the last one. Self-action constant 
sr  appears in Eq. (4.9) automatically. 
 
4.1. Lagrangian of non-linear electromagnetic electron equation  
  
    The common form of Lagrangian of the non-linear equation is not 
difficult to obtain from Lagrangian of the linear Dirac's equation: 
   
( ) ( ) ψαεψψαεψ ssN pcpcL !!!! ˆˆˆˆ −+−= ++ ,        (4.10) 
Using (4.7) and (4.8) we represent (4.10) in explicit quantum form: 
        
( ) ( ) ( ) ( )  −∆+


−


=
++++
22 ˆ
8
ˆ
2
1 ψαψψψ
π
τψαψψψ∂
∂ !!
" divc
t
iLN ,      (4.11) 
Normalising ψ -function and using Eqs. (4.2) and (4.3) and transforming 
Eq.(4.10) in electrodynamics' form we find we obtain: 
   
( )222222 gcUcmSdivt
U
cm
iL
ee
N
!!"
−
∆
+



+=
τ
∂
∂
,        (4.12) 
Here accordingly (3.16) (taking in account that 0=L ) the first summand may 
be replaced through 
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( )222 812 HESdivtUmci
!!!"
−=



+
π∂
∂
,       (4.13) 
Using the follow known transformation (which is the electrodynamics' form of 
Fierz’s correlation) we can now transform the second summand in the follow 
electromagnetic form: 
       
( ) ( ) ( ) ( ) ( ) ( )8 4 42 2 2 2 2 2 2 2 2 2 2 2π U c g E H E H E H E H− = + − × = − + ⋅! ! ! ! ! ! ! ! ! ,     (5.14) 
So we have:   
      
( ) ( ) ( ) ( )[ ]22222222 4881 HEHEcmHEL eN
!!!!!!
⋅+−
∆
+−=
π
τ
π
,      (5.15) 
 As we see, the Lagrangian of the non-linear electron equation contains 
only the invariant of Maxwell's theory. Let's now analyse the quantum form 
Lagrangian. The Eq. (4.11) can be written in form: 
   ( ) ( )  −∆+= +++ 220 ˆˆ8ˆ ψαψψαψπτψ∂αψ µµ !NL ,       (4.16) 
Using the quantum form of Fierz’s correlation (Eq. (4.14))    
   ( ) ( ) ( ) ( )ψ α ψ ψ α ψ ψ α ψ ψ α ψ+ + + +− = +# # # #0 2 2 4 2 5 2! ,       (4.17) 
from (4.16) we obtain: 
   
( ) ( )[ ]2524 ˆˆ8ˆ ψαψψαψπτψ∂αψ µµ +++ −∆+=NL ,       (4.18) 
 It is not difficult to see that Lagrangian (4.18) practically coincide 
with the Nambu's and Jona-Losinio's Lagrangian [9], which is the Lagrangian of 
the relativistic superconductivity theory. 
 
 
Conclusion 
 
The above results show that the theory of electromagnetic waves can be 
written in the matrix form also consistently, as in the usual form of 
Maxwell's theory. Such representation allows looking in a new possibility at 
connection classical and quantum electrodynamics [10]. 
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